We present a model which predicts inflation without the presence of inflaton fields, based on the ǫR 2 and Starobinsky models. It links the above models to the reheating epoch with conformally coupled massive particles created at the end of inflation. In the original Starobinsky model, the reheating era was created by massless non-conformally coupled particles. We assume here that non-conformal coupling to gravitation does not exist. In the ǫR 2 model, inflation is produced by the gravitational Lagrangian to which a term ǫR 2 is added, where ǫ is a constant and R is the Ricci scalar. Inflation is created by vacuum fluctuations in the Starobinsky model. Both models have the same late-inflation time-dependence, which is described by a characteristic mass M . There is a free parameter H0 on the order of the Planck mass M P l that determines the Hubble parameter near the Planck epoch and which depends upon the number and type of particles creating the vacuum fluctuations in the Starobinsky model. In our model, we assume the existence of particles with a mass m, on the order of M , conformally coupled to gravity, that have a long decay time.
Here we present a model which links the Starobinsky and ǫR 2 models of inflation, where R is the Ricci scalar to the reheating era. All three models, the Starobinsky, ǫR 2 and ours, do not involve inflatons to create inflation.
They also avoid most of the above assumptions.
In the Starobinsky model [2] , an R 2 term in the effective Lagrangian dominates inflation at late times (see also [3] , [4] ). There is no sharp boundary between the Starobinsky model and ǫR 2 model since the latter is the particular case of the former in the limit M ≪ H 0 (using the notation of Eq. (9), with some small non-local terms (due to non-zero rest masses of conformally coupled quantum fields) omitted. However, the Starobinsky and ǫR 2 models have the same qualitative behavior at ∼ 60 e-folds before the end of inflation, when the presently observed scalar and tensor fluctuations were produced. Although the ǫR 2 model can be considered to be the simplest way to produce inflation, i.e., by means of a simple modification of the gravitational Lagrangian, we concentrate here on the Starobinsky model since it is more complete. It links the beginning of the inflation period to the beginning of the Universe and also describes the end of inflation in detail.
Both the Starobinsky and ǫR
The Starobinsky model suggests that for energy densities and curvatures near the Planck scale, quantum corrections to Einstein's equations become important (as discussed in detail by Vilenkin [5] ). In the Starobinsky model, inflation is driven by one-loop corrections due to quantized matter fields [2] (see also [6, 7, 8, 9, 10, 11] ). The model is consistent with a Universe that was spontaneously created, as discussed by Grishchuk and Zel'dovich [12] .
The beginning of the Starobinsky inflation period can be associated with the beginning of the Universe due to quantum fluctuations of the vacuum. Tryon [13] was the first to suggest that a closed Universe can be created spontaneously as a result of a quantum fluctuation. Vilenkin [5, 14, 15] , Zel'dovich and Starobinsky [16] , and Linde [17] were the first to attempt to describe the quantum creation of a Universe in the framework of quantum gravity. The picture that emerges is one of a Universe tunneling quantum mechanically to a de Sitter space time. At the moment of nucleation (t = 0), the Universe has a size a(0) = H
−1
in . This is the beginning of time and, from that point on, the Universe evolves along the lines of the inflation scenario.
In the Starobinsky model, inflation is produced by the vacuum energy ρ V , which has negative pressure, P = −ρ V . Inflation in both the Starobinsky and our models can be described by an effective geometric scalar particle M . In our model, there is an additional massive particle m produced at the end of inflation, which is freely moving and which produces positive pressure.
Structure in the Universe primarily comes from almost scale-invariant superhorizon curvature perturbations [18, 19] . In our model, a mass m is much less than the Hubble parameter during inflation. The mechanism of m particle production from inflation is based on the observation that particles that are massive in the presentday vacuum, could have been very light during inflation.
This implies that fluctuations of a generic scalar field χ with mass m ≪ H during inflation are copiously generated, with an almost scale invariant spectrum [20, 21, 22] .
The particles become heavy and non-relativistic at the end of inflation.
The end of the Starobinsky inflation period has been suggested to be due to the masses of the particles in the vacuum fluctuations [14] . Thus, since the mass M describes the end of inflation in both the Starobinsky and our models, M is a natural mass scale for the particles that are created at the end of inflation. In our model, we then have the scenario that particles of mass comparable to the mass M in the vacuum fluctuations first create the inflation, after which, particles of mass m comparable to, but slightly less than M , are produced from the vacuum due to the rapid change of the Hubble parameter.
The particles m are conformally coupled to gravitation (Ricci scalar). These massive particles create the reheating epoch of the Universe.
Our model can be compared with that of the Starobinsky model, in which massless particles, non-conformally coupled to gravitation, directly create the reheating era.
Here we assume that non-conformal coupling does not exist.
Previously, gravitational production of massive particles has been investigated in order to explain the observed ultra-high energy cosmic rays, produced as a result of heavy particle decay (masses > 10 12 GeV) [23] .
The gravitational particle production of the heavy particles m can be described assuming a given background metric [24, 25] .
The paper is organized as follows. In section II, we give the main results of the Starobinsky model, as discussed by Vilenkin [5] . We discuss the gravitational production of the m particles in section III. In section IV, we derive the scalar density fluctuations produced ∼ 60 e-folds before the end of inflation. We obtain the ratio r of the tensor to scalar fluctuations in section V. The reheating of the Universe is discussed in section VI. Our conclusions and discussion are presented in section VII.
II. THE STAROBINSKY INFLATIONARY

MODEL
In this section, we discuss the Starobinsky model of inflation, following the description and notation of Vilenkin. This model is based on the semiclassical Einstein equations,
which assume a spatially flat Robertson-Walker metric,
where dt = adη, t(η) is the proper (conformal) time and a is the scale factor.
The quantum corrections to the expectation value of the energy-momentum tensor for massless particles in curved space time are
where
and k 1 , k 3 are constants. The value of the coefficient k 1 can be determined by observations. However, the value of k 3 is fixed by the condition
where N 0 , N 1/2 , and N 1 are the numbers of quantum matter fields with spins 0, 1/2, and 1, respectively.
It is convenient to define two new parameters, H 0 and M , in terms of k 1 , k 3 , and the Planck mass, M P l :
and
The Planck constant and the speed of light c are given in natural units, = c = 1, and
To evaluate H 0 , a minimal SU(5) model, where
From the above, the energy-momentum tensor in Eq. (3) is
Whereas T ν ν = 0 for classical conformally invariant fields, a trace anomaly arises from the process of regularization (see [26, 27, 28] ),
The evolution equation for the Hubble parameter H(t)(= a/a) in a flat Universe is
Assuming that H is slowly varying during inflation,Ḣ ≪ H 2 , and thatḦ ≪ HḢ, the solution of Eq. (11) is
and H in is the initial value of the Hubble parameter in the inflation era.
We see from Eq. (12) that H changes on a time scale,
A long period of inflation occurs when M 2 ≪ 6 H 
is
where τ is given by Eq.(15).
Assuming that H ≪ H 0 near the end of inflation, Eq.(11) simplifies to
which has the solution
Thus, from Eqs. (19) and (20), H(t) and a(t) are in an oscillating phase at the end of inflation. At a time t 0 ≫ M −1 , the period of oscillation is much shorter than the average Hubble time, 2 /3 t 0 . For a time interval t 0 ≫ ∆t ≫ M −1 , we can neglect the power law expansion in Eq. (20) , so that
In the Starobinsky model, massless particles are gravitationally produced at the end of inflation. For a scalar field of mass m that satisfies the equation
the field is conformally coupled if ξ = 1/6 and nonconformally coupled if ξ = 1/6. For m > M/2, the particle production is exponentially depressed. In a conformally flat spacetime, massless conformally coupled particles cannot be gravitationally produced [6, 29] . Therefore, these particles must be non-conformally coupled.
The oscillation term in Eq. (21) is small and can be considered to be a perturbation in the calculation of particle production. A perturbative technique for calculating the production of very low mass m (≪ M ) particles was developed by Zel'dovich and Starobinsky [30] and Birrel and Davies [32] , treating | ξ − 1/6| as a very small parameter. They showed that for a massless non-conformally coupled field (m = 0, ξ = 1/6), the particle production rate isṅ
Taking the average of the particle production over the period of oscillation and using the fact that the particles are produced in pairs with energy m/2 per particle, the average rate of energy loss is (m ≡ F M )
The rate at which the vacuum energy is dissipated into particles is [33] Γ ≡ρ/ρ = 3 2
is the energy density of the particles.
Since a ∝ t 2/3 , we have
so that Eq.(27) becomes
(the Friedmann relation). 
and the functions χ k (t) satisfy the equation for the field
Linearizing Eq.(32) and using Eqs. (21) and (23), we havë
If the main contribution to the particle production comes from the modes with k ∼ M/2 and the mass m ≪ M/2, we can replace ω 
was presented in the original paper [2] .
As noted by Vilenkin, although Eq.(36) was derived assuming m ≪ M , it also gives a correct order of magnitude for the conformally coupled decay rate for m ∼ M ,
We can compare the time it takes to dissipate the vacuum energy due to the gravitational production of massless particles, non-conformally coupled, using Eq. (26),
with that of massive particles M , conformally coupled, from Eq.(37),
The ratio of the two times is
Since it is generally assumed that (ξ − 1/6) ≪ 1, the vacuum energy is dissipated more rapidly in the case of the emission of the massive m conformally coupled particles [Eq. (40)].
In general, the vacuum can lose energy, both by the gravitational production of m particles that are conformally coupled or by non-conformal gravitational production of massless relativistic particles. For simplicity, we assume that ξ = 1/6 and, thus, that only conformal production of m particles exist. From Eqs. (39) and (70) (below), we have
where r is the ratio of tensor to scalar fluctuations and
sec is the Planck time.
In this paper, we assume the possible existence of elementary particles of mass m ≡ F M , which are conformally produced during or at the end of inflation. From their lifetime, we obtain the maximum temperature of the Universe T max the reheat temperature T RH and their respective times, t max , and t RH . From the gravitational production of the m particles at ∼ 60 e-folds before the end of inflation, we obtain the scalar density fluctuations (section IV).
IV. SCALAR DENSITY FLUCTUATIONS
Structure in the Universe primarily comes from nearly scale-invariant superhorizon curvature perturbations.
These perturbations originate from the vacuum fluctuations during the nearly exponential inflation. In our model, structure is due to a scalar field χ of mass m ≪ H 60 , where H 60 is the Hubble parameter ∼ 60 efolds before the end of inflation. The scalar field χ of mass m ≪ H 60 in a quasi-de Sitter phase was shown to produce quantum fluctuations, whose power spectrum is scale invariant if they are superhorizon [20, 21] .
During the inflationary epoch, the fluctuations of the field χ of mass m obey the equation [19] . The fluctuations δχ are described in terms of the variance,
which obeys the equation
during inflation [20] . (The formula Eq.(44) was first independently obtained in [36, 37, 38] .) In our model,
until the end of inflation, before oscillations set in. Substituting Eq.(45) into Eq.(44), we obtain
where t end is given by Eq.(16).
We note that the major contribution to the variance comes from t ≪ t end , while very little comes from t ∼ t end . Integrating Eq.(46) from (1/60)t end to t end , we estimate the variance of the fluctuations that were created ∼ 60 e-folds before the end of inflation, 
In a flat Universe, we have
where ρ V end is the vacuum energy density at the end of inflation. From Eqs.(49) and (50), ρ V end is given by
assuming that ρ V end is very much greater than ρ M at the end of inflation.
The long wavelength χ modes satisfy the equation [19] , which gives
They are non-relativistic, behaving like a classical homogeneous field. Their number density is given by
From Eq.(47), we then have
We assume that the m particles decay into relativistic particles with a decay rate, Γ mr ≪ Γ V m = t −1
dis . Thus, we can separate the decay of the vacuum into m particles (Γ V m ) from the decay into relativistic particles.
For the production of the m particles, we have the
where the second term on the left describes the dilution of the m particles due to the expansion of the Universe and the term on the right, the production of m particles due to the decay of the vacuum.
The production of m particles starts at the end of the inflation period, when
During the time m −1 ≪ t ≪ t 0 , when the m particles were produced, the average Hubble value was H = 2/3t 0 . The vacuum energy decays in a time
V m , during which, the m particles are produced:
Let us take t 0 ∼ = t dis . We can then describe the production of the m particles by Eq.(56) in the forṁ
The solution of the homogeneous form of Eq. (59) is
and that of the inhomogeneous form,
We take the initial time for the decay of the m particles into relativistic particles to be
From Eq.(61), we have
Since the Universe had an average cosmic scale fac- 
From Eqs.(62) and (63), we then have
Although δ ST was evaluated for massless particles, similarly to Vilenkin [8] , as discussed in Sec.II, we assume that this is also the amplitude for the production of massive particles on the order of M . From Eqs. (64) and (65),
V. RATIO OF TENSOR TO SCALAR FLUCTUATIONS From Vilenkin, the tensor power spectrum is
and the scalar power spectrum is
where k is the wavenumber of the fluctuations and (δρ/ρ) 2 hor are the density fluctuations on the order of the horizon. The ratio r of tensor to scalar fluctuations is, then,
We used the observed value of the scalar fluctuations, (δρ/ρ) hor ≃ 10 −5 , to obtain the value of M in terms of r,
From Eq.(39) we obtain t dis . We find that for F = 0.5, t dis ≃ 6.28 × 10 19 t P l and that for F = 0.3, t dis ≃ 4.85 ×
We have
from Eqs. (70) 
and (66).
A small value for r, bounded from below by r > 3 × 10 −6 (unless V ′′′ /V in the inflaton potential is unreasonably large), was previously indicated in [31] . 
From Eqs.(72), (13) , and (14) for the SU(5) model, the initial value of the Hubble parameter H in of the inflation era for F = 0.5 and 0.3 is
VI. REHEATING OF THE UNIVERSE
In this section, the reheating of the Universe in our model is discussed. It is based on the discussion of this epoch in [32] .
The particles m have a decay rate into relativistic particles,
where we assume that
The equation describing the decay of the m particles
which has the analytical solution,
where a I is the cosmic scale factor at t = t mri . For the radiation energy density, ρ r , the evolution equation iṡ
where ρ r is the energy density of the relativistic decay products. In order to obtain the energy density of the relativistic particles as a function of time, we also need the Friedmann equation,
From
mr ), the m particles dominate the mass density and the Universe is matter dominated, a(t) ∝ t 2/3 , with ρ r ∼ 0 at t mri .
During the m-dominated epoch, an approximate solution for ρ r is given by
(80) [34] . Thus, ρ r rapidly increases from ≃ 0 at t mri to a value of ≃ ρ mi (Γ mr t mri ) at t RH , decreasing thereafter as a −3/2 .
Once the relativistic decay products interact sufficiently, they thermalize and we have
where g * is the number of relativistic degrees of freedom and is generally estimated to be 100 g * 1000. What is commonly called the reheat temperature, T RH , is not 1/4 * GeV), the times tmri, tmax, and tRH, for f = 10 −5 and 10 −10 and F = 0.5 and 0.3, where g * is the number of relativistic degrees of freedom.
0.5 10 the maximum temperature of the Universe, T max , which is given by
The reheat temperature at the beginning of the radiation
mr ), is given by
and the ratio of T max to T RH is
since Γ mr = f Γ V m , where f ≪ 1. In Table I, and 0.3 during the time interval t mri < t < t RH . The times t mri , t RH , and t max are shown in Table I .
VII. CONCLUSIONS AND DISCUSSIONS
We presented here a model which relates the Starobinsky and ǫR 2 models, both of which predict inflation, to the reheating era by a massive conformally coupled particle. In the original Starobinsky model, the coupling to the reheating era was made by massless non-conformally coupled particles. Here we assumed that non-conformally coupling to gravitation does not exist. and M ≃ 1.15 × 10 −6 M Pl ≃ 1.4 × 10 13 GeV, as predicted by the Starobinsky model for F = 0.3, for example, we find t end ≃ 1.37 × 10 11 t P l ≈ 10 −32 sec and t dis ≃ 4.8 × 10 20 t P l ≈ 10 −23 sec, respectively.
In the future, the particle m could be incorporated into a particle physics theory that would define the decay time into relativistic particles t RH , the reheating time. From In order not to overproduce gravitinos, it is frequently suggested that T RH 10 9 GeV [35] . If this is, indeed, a true upper limit for T RH , it puts limits on the possible values for f and F from the above analysis. However, it is to be noted that, for our model, 10 9 GeV is not a strong upper limit for T RH since supersymmetry is still not a well developed theory.
